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INFERIOR REGULAR PARTITIONS AND GLAISHER
CORRESPONDENCE
MASANORI ANDO (NARA GAKUEN UNIVERSITY)
1. Partition
Let n be a positive integer. A partition λ is an integer sequence
λ = (λ1, λ2, . . . , λℓ)
satisfying λ1 ≥ λ2 ≥ . . . ≥ λℓ > 0. We call ℓ(λ) := ℓ the length of λ,
|λ| :=
ℓ∑
i=1
λi the size of λ, and each λi a part of λ. We let P denote
the set of partitions, P(n) the set of partitions size n. After this,
“(n)” means the restriction of size n. For a partition λ, we let mi(λ)
denote the multiplicity of i as its part. (1m1(λ)2m2(λ) . . .) is another
representation of λ.
Definition 1.1. For any positive integer r ≥ 2, we define the next
subsets of P.
RPr := {λ ∈ P |
∀k,mk(λ) < r}: the set of r-regular partitions,
CPr := {λ ∈ P |
∀k,mrk(λ) = 0}: the set of r-class regular partitions,
R′Pr := {λ ∈ P |
∃!k,mk(λ) ≥ r}: the set of r-inferior regular partitions.
Except for R′Pr, the generating functions of those are well known.∑
λ∈P
q|λ| =
1
(q; q)∞
,
∑
λ∈RPr
q|λ| =
(qr; qr)∞
(q; q)∞
,
∑
λ∈CPr
q|λ| =
(qr; qr)∞
(q; q)∞
.
Here (a; b)k = (1 − a)(1 − ab) · · · (1 − ab
k−1). Especially, ♯RPr(n) =
♯CPr(n). There is natural bijection between these two sets. That is
Glaisher correspondence gr : CPr(n) ∋ λ 7−→ gr(λ) ∈ RPr(n). If
λ has more than or equal to r same size parts, we combine r inside
those. In other word, we replace kr by rk. Repeat these operations
until the partition has come to an element of RPr(n). And we denote
cr(λ) the number of operations from λ to gr(λ). We denote cr,n :=∑
λ∈CPr(n)
cr(λ).
Example. r = 2, λ = (16)
(16) 7→ (214) 7→ (2212) 7→ (23) 7→ (42) = g2(1
6).
Then, c2(1
6) = 4.
Proposition 1.2. For any positive integer r ≥ 2,∑
λ∈CPr
cr(λ)q
|λ| =
∑
λ∈R′Pr
q|λ| =
(qr; qr)∞
(q; q)∞
∑
k≥1
qrk
1− qrk
.
Proof. For r-inferior regular partitions,
(qr; qr)∞
(q; q)∞
·
qrk
1− qrk
=
(∏
i 6=k
1− qri
1− qi
)
×
1− qrk
1− qk
·
qrk
1− qrk
=
(∏
i 6=k
1− qri
1− qi
)
× (qrk + q(r+1)k + · · · ).
Here, to choose a term from parentheses of right-hand side correspond
to choose more than or equal to r of k parts. Then,
(qr; qr)∞
(q; q)∞
∑
k≥1
qrk
1− qrk
is the generating function of r-inferior regular partitions. On the other
hand, for the generating function of cr,n,
(qr; qr)∞
(q; q)∞
∑
k≥1
qrk
1− qrk
=
(qr; qr)∞
(q; q)∞
∑
i≥1
∑
k,r∤k
qr
ik
1− qrik
.
=
(qr; qr)∞
(q; q)∞
∑
i≥1
∑
k,r∤k
(qr
ik + q2r
ik + · · ·+ qmr
ik + · · · ).
Here, to choose qmr
ik term from parentheses correspond to choose a
r-class regular partition that has more than or equal to mri of k parts.
When we take summation by m, the coefficient of n is the number
of Glaisher operations that make the ri multiple part. And let take
summation by i, it becomes the generating function of cr,n. 
For each Glaisher operation, the length of partition decreases just
r − 1. Then,
Proposition 1.3. For any positive integer n,∑
λ∈CPr(n)
ℓ(λ)−
∑
λ∈RPr(n)
ℓ(λ) = (r − 1)cr,n.
We refine this identity.
2. Mizukawa-Yamada’s X − Y = c
Definition 2.1. For 1 ≤ ∀j ≤ r − 1, ∀λ ∈ CPr,
∀µ ∈ RPr, we define
xr,j(λ) := ♯{k | λk ≡ j(mod r)}, Xr,j,n :=
∑
λ∈CPr(n)
xr,j(λ),
yr,j(µ) := ♯{k | mk(µ) ≥ j}, Yr,j,n :=
∑
µ∈RPr(n)
yr,j(µ).
Theorem 2.2 ([1], [2]). For any positive integer r, j, n,
Xr,j,n − Yr,j,n = cr,n.
Then the value of X − Y doesn’t depend on j.
Remark. This is the refinement of proposition 1.3. because
r−1∑
j=1
Xr,j,n =
∑
λ∈CPr(n)
ℓ(λ),
r−1∑
j=1
Yr,j,n =
∑
λ∈RPr(n)
ℓ(λ).
Example. For r = 3, n = 7,
CP3(7) = {(7), (52), (51
2), (421), (413), (231), (2213), (215), (17)}.
In the whole set, the number of part 7 is 1. Similarly, the number of
part 5 is 2, part 4 is 2, part 2 is 8 and part 1 is 22. Then,
X3,1,7 = 1 + 2 + 22 = 25, X3,2,7 = 2 + 8 = 10.
On the other hand,
RP3(7) = {(7), (61), (52), (51
2), (43), (421), (321), (322), (3212)}.
Then,
Y3,1,7 = 19, Y3,2,7 = 4.
The differences between X and Y are both 6.
Proof. We define
Ar,j,n := {(λ; k, ℓ) | λ ∈ CPr(n), k ≡ j(mod r), 1 ≤ ℓ ≤ mk(λ)}.
From definition, ♯Ar,j,n = Xr,j,n.
ϕr,j : Ar,j,n −→ P(n)
∈ ∈
(λ; k, ℓ) 7−→ µ
.
Here, µ = gr(λ \ (k
ℓ))∪ (ℓk). And ∪, \ are sum and difference when we
identify partition with multi-set. For µ, the kind of part which have
more than or equal to r same part is at most one. Then,
ϕr,j(Ar,j,n) ⊂ RPr(n) ∪R
′Pr(n).
Let find multiplicity of each image.
For µ ∈ RPr(n)
We can make inverse image based on ℓ that mℓ(µ) ≥ j. Then,
♯ϕ−1r,j (µ) = yr,j(µ).
For µ ∈ R′Pr(n)
It is necessary to make it r-regular as preparations for inverse operation
of Glaisher. For this, we decrease the part ℓ that mℓ(µ) ≥ r. Because
definition of R′P, such ℓ decide unique. And it is unique too that k
which,
µ \ (ℓ)k ∈ RPr(n), k ≡ j (mod r).
Then, ♯ϕ−1r,j (µ) = 1.
Therefore Xr,j,n = Yr,j,n+♯R
′Pr(n), X−Y does not depend on j. 
3. Version for r .
Definition 3.1. We think r = (r1, r2, . . . , rm) a m-tuple of positive in-
tegers greater than 1. We assume that each elements in r are relatively
prime. We define
CPr := {λ ∈ P |
∀j, k,mrjk = 0}.
We call CPr the set of r-class regular partitions. And we put s that
tuple (r2, . . . , rm). We define
RPr := RPr1 ∩ CPs,R
′Pr := R
′Pr1 ∩ CPs.
We call these the set of r-regular partitions and r-inferior regular par-
titions.
When following Mizukawa-Yamada[2], the inclusion-exclusion prin-
ciple gives us the generating functions of CPr and RPr.
Proposition 3.2. For any m-tuple r,∑
λ∈CPr
q|λ| =
∑
λ∈RPr
q|λ| =
∏
A⊂r
(qΠA; qΠA)(−1)
|A|+1
∞ .
Here we identify r the set {r1, r2, . . . , rm}. And ΠA :=
∏
r∈A r.
1
The inclusion-exclusion principle gives us only the generating func-
tion of CPr correctly. However, the r1-Glaisher correspondence is also
bijection between CPr(n) and RPr(n). Then the generating functions
of both sets are equal. We define the number of r1-Glaisher operations
over CPr(n), cr,n :=
∑
λ∈CPr(n)
cr1.
Proposition 3.3. For any m-tuple r,∑
λ∈CPr(n)
cr1(λ)q
|λ| =
∑
λ∈R′Pr(n)
q|λ|.
Proof. We proof that both sides are equal to the next generating func-
tion. 
∏
A⊂r
(qΠA; qΠA)(−1)
|A|+1
∞

 ∑
r1∈A⊂r
∑
k≥1
(−1)|A|+1qkΠA
1− qkΠA
.
From proposition 3.2,
(∏
A⊂r(q
ΠA; qΠA)
(−1)|A|+1
∞
)
is the generating
function of RPr. From the inclusion-exclusion principle,∑
r1∈A⊂r
∑
k≥1
(−1)|A|+1qkΠA
1− qkΠA
=
∑
k≥1,r2,r3,...rm∤k
qr1k
1− qr1k
.
Similarly for the proof of proposition 1.2, to multiply the generation
function of RPr by this q-series is correspond to increase the number
of only one kind of part to r1 and over. 
Definition 3.4. For r, 1 ≤ j ≤ r1, n, we define
Xr,j,n :=
∑
λ∈CPr(n)
xr1,j(λ), Yr,j,n :=
∑
µ∈RPr(n)
yr1,j(µ).
Here, X − Y may not be independence from j.
Example. r = (3, 5), n = 5
CP (3,5)(5) = {(41), (2
21), (213), (15)}.
Then, X(3,5),1,5 = 11, X(3,5),2,5 = 3. On the other hand,
RP (3,5)(5) = {(41), (32), (31
2), (221)}.
1 When A = ∅, ΠA = 1.
Then, Y(3,5),1,5 = 8, Y(3,5),2,5 = 2. Therefore, when j is different, X − Y
is also different.
Theorem 3.5. For any tuple r = (r1, r2, . . . , rm), r2, r3, . . . , rm ≡
1(mod r1), 1 ≤ j ≤ r1 − 1 and positive integer n,
Xr,j,n − Yr,j,n = cr,n.
Proof. Similarly the proof of last section, we define
Ar,j,n := {(λ; k, ℓ) | λ ∈ CPr(n), k ≡ j(mod r1), 1 ≤ ℓ ≤ mk(λ)}.
From definition, ♯Ar,j,n = Xr,j,n. We construct a map
ϕr,j : Ar,j,n −→ P(n)
∈ ∈
(λ; k, ℓ) 7−→ µ
.
Here, µ = gr1(λ \ (k
ℓ)) ∪ ((ℓ)
k(ℓ)s
s′ ). (ℓ)s and (ℓ)s′ are s-part and s-
prime part of ℓ. That is ℓ = (ℓ)s · (ℓ)s′ and (ℓ)s = r
a2
2 r
a3
3 · · · r
am
m ,
r2, r3, . . . , rm ∤ (ℓ)s′. These are well-defined because r2, r3, . . . , rm are
relatively prime. And from the definition of map, each image is s-class
regular and the kind of part which have more than or equal to r1 same
part is at most one. Then ϕr,j(Ar,j,n) ⊂ RPr(n) ∪ R
′Pr(n). Let find
multiplicity of image. When fix ℓ that mℓ(µ) ≥ j. There is unique k
that the partition g−1r1 (µ \ (ℓ)
k)∪ (k)
ℓ(k)s
s′ is the element of ϕ
−1
r,j (µ). Here
because of r2, r3, . . . rm ≡ 1(mod r1), k ≡ (k)s′ (mod r1).
For µ ∈ RPr(n)
We can make inverse image based on ℓ such that mℓ(µ) ≥ j. Then,
♯ϕ−1r,j (µ) = yr,j(µ).
For µ ∈ R′Pr(n)
It is necessary to make it r-regular as preparations for inverse of Glaisher.
For this, we decrease the part ℓ that mℓ(µ) ≥ r. Because definition of
R′P , such ℓ decide unique. And it is unique too that k which,
µ \ (ℓ)k ∈ RPr(n), k ≡ j (mod r1).
Then, ♯ϕ−1r,j (µ) = 1.

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